Overall precision of the simplified calibration method in J. E. Sader et al., Rev. Sci. Instrum. 83, 103705 (2012), Sec. III D, is dominated by the spring constant of the reference cantilever. The question arises: How does one take measurements from multiple reference cantilevers, and combine these results, to improve uncertainty of the reference cantilever's spring constant and hence the overall precision of the method? This question is addressed in this note. Its answer enables manufacturers to specify of a single set of data for the spring constant, resonant frequency, and quality factor, from measurements on multiple reference cantilevers. With 
where f R and Q are the resonant frequency and quality factor of the uncalibrated cantilever, respectively, and α = 0.7 (see Ref. 1) .
Averaging the results of Eq. (1) using multiple reference cantilevers can, in principle, reduce uncertainty in the overall measurement of the spring constant. However, since Eq. (1) is itself an approximation to the complete method (it assumes identical cantilever plan view dimensions and a power-law of α = 0.7), 1 such averaging can generally only serve to improve precision, i.e., variability between measurements, rather than accuracy, i.e., absolute error relative to the true spring constant. Here, we examine how to efficiently implement this averaging process and compare its results to those for single reference cantilever measurements.
Importantly, the resonant frequency and quality factor of each reference cantilever can be measured with high accuracy, in contrast to its spring constant that exhibits far greater uncertainty. 1 Thus, we focus on improving uncertainty in the reference spring constant measurement.
Consider a set of reference cantilevers, whose results are to be averaged. The spring constant of each cantilever is first determined using Eq. (1), taking laser Doppler vibrometry (LDV) measurements each reference cantilever. This averaging process is embodied in the following equation:
where N is the number of cantilevers used, k n , f R, n , and Q n are the LDV measured spring constant, resonant frequency, and quality factor of cantilever n, respectively, k
n, i is the spring constant of the nth cantilever evaluated from Eq. (1) using the single reference data for cantilever i, andk n is the new (averaged) estimate of the spring constant of cantilever n. Equation (2) thus produces N new estimates,k n , which importantly, exactly satisfy Eq. (1), i.e.,
where n, m = 1, . . . , N. Any of the new sets (k n , f R, n , Q n ) can be used as reference values in the calibration procedurethey each produce an identical result from Eq. (1) when calibrating another cantilever of the same type. Experimental data for the AC240TS-R3 cantilevers in Ref. 2 are studied because this set contains the largest number of devices, enabling the greatest averaging. Table I gives the results of Eq. (1) using the newly estimated average reference data (k m , f R, m , Q m ) [column 9; choice of m is irrelevant, see Eq. (3)] and those obtained using the single reference LDV cantilever measurements [columns 5-8]. Uncertainties fork n in column 9 are obtained by calculating the standard error of the sample mean,
Values for k Ref") -thus, the result from Eq. (1) for that reference device is identical to LDV data. Column 9 gives the average of entries in columns 5-8 in the same row, i.e.,k n = (1/N )
n, i -by definition, these are identical to using Eq. (1) with any averaged reference set: (k m , f R, m , Q m ), m = 1, . . ., N , see Eq. (3). The cantilever indices n (rows) and i (columns) used in Eqs. (2) and (4) are indicated. Uncertainty in the spring constants is based on a 95% confidence interval. The data in Table I show that the averaging process in Eq. (2) gives spring constant results [column 9] that are totally consistent with those obtained using a single reference cantilever [columns 5-8], while reducing the overall uncertainty, e.g., compare the results in column 9 (5% uncertainty for all results) to those in columns 4-8 (whose uncertainties vary from 2% to 10%). This highlights the robustness of the measurement technique, which can be used with a single reference cantilever, as discussed.
Calibrating more reference cantilevers, and using the averaging procedure in Eq. (2), will systematically improve the overall precision of the method specified in Eq. (1), see Eq. (4). We note that the results in column 9 are formally the average of individual results in columns 5-8, see above. However, use of Eq. (2) enables the specification of a single reference set (k n , f R, n , Q n ) by the manufacturer, thus eliminating the need for multiple evaluations of Eq. (1) by the user (using different reference cantilevers). Furthermore, it trivially augments the data normally provided by manufacturers (namely, a typical spring constant and resonant frequency), to more quantitative data that now include the quality factor: (k n , f R, n , Q n ). AFM users could then employ this data set to easily calibrate cantilevers of the same type using Eq. (1). Importantly, since use of (k n , f R, n , Q n ) with Eq. (1) gives identical results for all n (see above), choice of n is inconsequential; it may be chosen such that the median ofk n is selected, to give typical results for that cantilever type.
Calibration of multiple reference cantilevers, and averaging as per Eq. (2), has the significant advantage of minimizing bias in the final result due to unexpected non-idealities, e.g., due to a crack in the reference lever. Importantly, the complete method in Ref. 1 exhibits superior accuracy and precision, due to the inherent averaging process in measuring and/or calculating the hydrodynamic function and the elimination of approximation. This is illustrated in Fig. 7 of Ref. 1 where measurements from multiple cantilevers of the same type are shown to overlap precisely.
In summary, we have presented a simple averaging procedure that enables specification of a single set of reference data (k n , f R, n , Q n ) from measurements on multiple reference cantilevers; choice of n has no effect. This systematically improves the precision of Eq. (1) while trivially extending the data normally provided by manufacturers for cantilevers of a single type. With this data set, the user can easily utilize Eq. (1) to calibrate cantilevers of the same type.
